
Chapter 7Design of Robust Compensators basedon � TheoryThere are two main limitations in the use of H1 theory for 
ompensator design. First, onlyfull 
omplex perturbations �(s) 2 Cn�m 
an be treated in a non-
onservative way in an H1robust stability test. Se
ond, robust performan
e 
an only be handled in a 
onservative wayeven for full 
omplex perturbations sin
e stability and performan
e 
an not be separated in theH1 stru
ture. The 
onservatism depends on the un
ertainty stru
ture and on the 
onditionnumber � of the system. In this 
hapter, it will be demonstrated, that these limitations 
anbe avoided by using the stru
tured singular value �.First, the analysis problem will be 
onsidered, i.e., how given a 
ompensator K(s) robuststability and robust performan
e is veri�ed using �. Then, the synthesis problem will bedis
ussed, i.e. how to �nd a 
ompensator, whi
h is optimal with respe
t to �.7.1 � Analysis7.1.1 Robust StabilityIn the sequel, 
ontrol problems that 
an be represented in the blo
k diagram stru
ture shownin Figure 7.1 will be 
onsidered. This stru
ture will be refered to as the N�K stru
ture.The similarity between the N�K and the 2 � 2 blo
k stru
ture is obvious. Here, however,�(s) will not be restri
ted to be a full 
omplex blo
k. Instead, it is assumed that �(s) has a
ertain blo
k diagonal stru
ture. Indeed, assume that �(s) belongs to the following boundedsubset: B� = f�(s) 2� j��(�(j!)) < 1g (7.1)where � is de�ned as:� = �diag �Ær1Ir1 ; � � � ; ÆrmrIrmr ; Æ
1Irmr+1 ; � � � ; Æ
m
Irmr+m
 ;�1; � � � ;�mC� jÆri 2 R; Æ
i 2 C;�i 2 Crmr+m
+i�rmr+m
+i	 (7.2)Thus, both real and 
omplex perturbations whi
h in�uen
es the nominal system via the N�Kstru
ture are 
onsidered. Very general robust stability problems 
an be formulated via thisstru
ture, e.g. parametri
 un
ertainty, see Example 7.1 on the following page. Obviously, the77
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K(s)N(s)- �u(s) y(s)
�(s) �-w(s) z(s)

Figure 7.1: N�K formulation of the robust stability problem.blo
k diagonal stru
ture of �(s) allow for a mu
h more detailed un
ertainty des
ription, thanif �(s) simply 
onsists of one full 
omplex blo
k. Note, that a single full 
omplex blo
k of
ourse is just a spe
ial 
ase of the set �.Example 7.1 (Diagonal perturbation formulation I)This example is a slightly modi�ed version of an example given in [Hol94℄. Assume that thesystem G(s) is given by: G(s) = ��s+ 1 (7.3)where the DC gain � and the time 
onstant � only are known with 10 % un
ertainty:� = [27:0; 33:0℄; � = [0:9; 1:1℄ (7.4)Expressing � and � by their nominal values along with two perturbations �� and �� for whi
hj��;�j � 1 
an be obtained as: � = 30�1 + 110��� (7.5)� = 1:0�1 + 110��� (7.6)where �� 2 [�1;+1℄; �� 2 [�1;+1℄ (7.7)Let B� denote the set [�1;+1℄. Then, the transfer fun
tion G(s) 
an be written as:G(s) = 30 (1 + 0:1��)(1 + 0:1��) s+ 1 (7.8)with: ��;�� 2 B� (7.9)In blo
k diagram form, G(s) 
an be represented as shown in Figure 7.2 on the next page.
Robust Control
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- - 6 �� 0.1 � - s�1 - 30- 3010 �� ? -6u(s) � � � y(s)�

- -o�(s) i�(s)
o�(s)i�(s)

Figure 7.2: Example 7.1: Blo
k diagram representation of G(s).To determine the N�K formulation, the � blo
k in Figure 7.2 is removed, and the transferfun
tions from the three inputs i�(s), i�(s), and u(s) to the three outputs o�(s), o�(s), andy(s) are determined. Standard blo
k diagram manipulation in matrix form gives:24 o�(s)o�(s)y(s) 35 = 264 0 � 3010(s+1) 3010(s+1)0 � s10(s+1) s10(s+1)1 � 30s+1 30s+1 37524 i�(s)i�(s)u(s) 35 (7.10)The un
ertainty blo
ks are given as:� i�(s)i�(s) � = � ��o�(s)��o�(s) � = � �� 00 �� � � o�(s)o�(s) � (7.11)Now, let w(s), z(s), N(s), and �(s) be given by:w(s) = � i�(s)i�(s) � (7.12)z(s) = � o�(s)o�(s) � (7.13)N(s) = 264 0 � 3010(s+1) 3010(s+1)0 � s10(s+1) s10(s+1)1 � 30s+1 30s+1 375 (7.14)�(s) = diag f��;��g = � �� 00 �� � (7.15)The perturbed system 
an now be des
ribed as:� z(s)y(s) � = N(s) � w(s)u(s) � (7.16)w(s) = �(s)z(s) (7.17)and 
an immediately be put into the N�K stru
ture.Robust Control



Page 80 of 92Example 7.2 (Diagonal perturbation formulation II)Now, 
onsider a standard se
ond order system:G(s) = �!2ns2 + 2�!n + !2n (7.18)Assume that the gain �, the damping �, and the resonan
e frequen
y !n are not known exa
tly,but only su
h that: � = �o(1 + Æ���) (7.19)� = �o(1 + Æ���) (7.20)!n = !no(1 + Æ!�!) (7.21)where ��;�� ;�! 2 B� B� = [�1;+1℄ (7.22)Hen
e, �o, �o, and !no are the nominal values, whereas Æ�, Æ� , and Æ! are the relative un
er-tainties.A representation of G(s) in transfer fun
tion form is given in Figure 7.3 on the followingpage. Due to the in
reased 
omplexity relative to the �rst order example in Example 7.1 onpage 78, it is more 
onvenient to work with state spa
e representations. De�ne the states as:x1 = _y; x2 = y (7.23)It 
an then be shown that a state spa
e representation for G(s) is given by:N(s) = � A BC D �
= 266666666664

�2�o!no �!2no !2no !no 1 2�o!2no �!2no �!2no1 0 0 0 0 0 0 00 0 0 0 0 0 0 �Æ��2Æ!�o �Æ!!no Æ!!no 0 0 2Æ!�o!no �Æ!!no Æ!�!no�2Æ!�o!no �Æ!!2no Æ!!2no Æ!!no 0 2Æ!�o!2no �Æ!!2no Æ!�!2noÆ!!�1no 0 0 0 0 Æ! 0 02Æ��o!�1no 0 0 0 0 �2Æ��o 0 00 1 0 0 0 0 0 0
377777777775 (7.24)

Now, pro
eeding as in Example 7.1 on page 78, de�ne:w(s) = � i1(s) i2(s) i3(s) i4(s) i5(s) �T (7.25)z(s) = � o1(s) o2(s) o3(s) o4(s) o5(s) �T (7.26)�(s) = diag f��;�!;�!;�!;��g (7.27)Then the perturbed se
ond order system is given by:� z(s)y(s) � = N(s) � w(s)u(s) � (7.28)w(s) = �(s)z(s) (7.29)Robust Control
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y(s)i4(s)o4(s)o5(s)i5(s)
o2(s) i2(s) o3(s) i3(s)�i1(s)o1(s)u(s)

Figure 7.3: Perturbed se
ond order system in transfer fun
tion form.

RobustControl



Page 82 of 92and 
an immediately be put into the N�K stru
ture. Note, that in this 
ase, the blo
k stru
turefor �(s) 
ontains repeated s
alar blo
ks.:� = 24 Æ1 0 00 Æ2I3�3 00 0 Æ3 35 (7.30)In general, for an arbitrary un
ertain system, several equivalent N�K formulations will bepossible, whi
h 
an 
ontain di�erent �(s) stru
tures. It might be di�
ult to determine aminimal formulation, where the size of �(s) is the smallest possible.As illustrated by the above two examples, highly stru
tured un
ertainty models 
an be rep-resented in the N�K stru
ture. Unfortunately, extra
ting the un
ertainty blo
ks 
an involvesome tedious algebra. In the MatlabTM � toolbox there exists, however a very handy mfun
tion sysi
.m, whi
h fa
ilitates an automization of this pro
ess.Dynami
al un
ertainty 
an also be in
luded via 
omplex blo
ks of appropriate dimensions.Now, let Fl(N(s);K(s)) = P (s) denote the transfer fun
tion obtained by 
losing the lowerloop in Figure 7.1 on page 78. P (s) is the generalized 
losed loop transfer fun
tion and isgiven by: P (s) = Fl(N(s);K(s)) (7.31)= N11(s) +N12(s)K(s) (I �N22(s)K(s))�1N21(s) (7.32)Then, given a stru
tured un
ertainty �(s) 2 B�, robust stability is determined throughthe following theorem, whi
h is a generalization of the H1 robust stability theorem (seeTheorem 5.2 on page 52).Theorem 7.1 Assume that the system P (s) is stable, and that the perturbation �(s) is ofsu
h nature, that the 
losed loop system is stable if and only if the Nyquist 
urve for det(I �P (s)�(s)) does not en
ir
le the origin. Then the 
losed loop system in Figure 7.1 on page 78is stable for all perturbations �(s) 2 B� if and only ifdet(I � P (j!)�(j!)) 6= 0 8!, 8�(j!) 2 B� (7.33), �(P (j!)�(j!)) < 1 8!, 8�(j!) 2 B� (7.34)( ��(P (j!)) < 1 8! (7.35)Proof of Theorem 7.1 The proof follows immediately from the proof for the H1 robust stabilitytheorem (Theorem 5.2 on page 52) with �(s) 2 B�.Note, that (7.35) is only a su�
ient 
ondition for robust stability. Ne
essity of the 
orre-sponding 
ondition for unstru
tured un
ertainties follows from the fa
t, at the unstru
turedset 
ontains all �(s) with ��(�(j!)) � 1. Now, however, the perturbation set is restri
tedto �(s) 2 B� and, thus, the 
ondition (7.35) might in general be arbitrarily 
onservative.Rather than a robust stability 
ondition based on singular values, a 
ondition is requiredwhi
h takes the stru
ture of the perturbation into 
onsideration. This is pre
isely the virtueof the stru
tured singular value �.Given any matrix P 2 Cn�m the positive real fun
tion � is de�ned by:��(P ) 4= 1minf��(�) : � 2�;det(I � P�) = 0g (7.36)Robust Control



Page 83 of 92ex
ept if no � 2 � makes I � P� singular (det(I � P�) = 0); in this 
ase, by de�nition��(P ) = 0. Hen
e, 1=��(P ) is the 'magnitude' of the smallest perturbation � measured byits singular value ��(�) making I�P� singular. If P (s) is a transfer matrix, 1=��(P (j!)) 
anbe interpreted as the magnitude of the smallest perturbation whi
h moves the 
hara
teristi
lo
i of P (s) into the Nyquist point (�1; 0) at the angular frequen
y !.From the de�nition of � and Theorem 7.1 on the page before the following theorem fordetermining robust stability 
an be formulated (see also [DP87, PD93℄:Theorem 7.2 (Robust stability with �) Assume that the system P (s) is stable, and thatthe perturbation �(s) is su
h that the 
losed loop system is stable if and only if the Nyquist
urve for det(I � P (s)�(s)) does not en
ir
le the origin. Then, the 
losed loop system inFigure 7.1 on page 78 is stable for all perturbations �(s) 2 B� if and only ifk�� (P (s))k1 � 1 (7.37)where: k�� (P (s))k1 4= sup! �� (P (j!)) (7.38)7.1.2 Robust Performan
eIn order to analyze a system with respe
t to robust performan
e, the normalized exogenousdisturban
es d0(s) and the normalized error signals e0(s) are in
luded in the N�K formulation.Now, a general framework for the analysis and synthesis of linear systems 
an be formulated,see Figure 7.4. Any linear 
ombination of 
ontrol inputs u, measured outputs y, disturban
esd0, error signals e0, perturbations w and 
ompensator K 
an be des
ribed via this 'generi
'system.

P-- � � -d0 e0
Analyse

KN--- --�wd0 u y ze0SynteseKN-- -�d0 u y e0� �-
w z

w zGenerel formulering
	 R

Figure 7.4: A general framework for the analysis and for 
ompensator design for linear sys-tems.
Robust Control



Page 84 of 92Within this framwork, analysis and design 
an be seen as two spe
ial 
ases, see Figure 7.4on the pre
eding page. Like in the 2 � 2 blo
k problem, s
alings and weightings have beenarbsorbed into the transfer matrix N(s) su
h that d0(s), e0(s) and �(s) are normalized to onein norm. Note, that if P (s) is partitioned into four blo
ks, 
onsistent with the dimension ofthe two inputs w and d0 and of the two outputs z and e0, P11 
an be identi�ed as the transfermatrix P (s) in Theorem 7.2 on the page before.In the analysis of robust performan
e, the transfer matrix from d0(s) to e0(s) is studied. Thistransfer matrix is given by:e0(s) = Fu(P (s);�(s))d0(s) (7.39)= hP22(s) + P21(s)�(s) (I � P11(s)�(s))�1 P12(s)i d0(s) (7.40)In (7.40), P22(s) is the weighted nominal performan
e transfer matrix (for example the outputsensitivity) and, hen
e, Fu(P (s);�(s)) is the weighted perturbed performan
e transfer matrix.The robust performan
e measure 
an now be formulated using (7.40) as:kFu(P (s);�(s))kH1 = sup! �� (Fu(P (j!);�(j!))) < 1 8�(j!) 2 B� (7.41)Note, that the 
ondition for robust performan
e is formulated as a singular value bound, justas a robust stability 
ondition for unstru
tured un
ertainty. Thus, it 
an be 
on
luded thatthe robust performan
e 
ondition (7.41) is satis�ed if and only if the system Fu(P (s);�(s))is robustly stable in the fa
e of a norm bounded perturbation �p(s) with ��(�p(j!)) � 1,8!. Hen
e, by augmenting the perturbation stru
ture by a full 
omplex 'performan
e blo
k'�p(s), robust performan
e 
an be veri�ed via a robust stability 
ondition. Furthermore, thisaugmentation of the un
ertainty stru
ture 
an be 
arried out in a quite natural way using �,as the admissible stru
ture for � is pre
isely a blo
k diagonal one.This fa
ilitates the following theorem for assessing robust performan
e, see also [DP87, PD93℄:Theorem 7.3 (Robust performan
e with �) Assume that performan
e spe
i�
ationshave been given as an H1 spe
i�
ation of the transfer matrix from d0(s) to e0(s) (typi
ally aweighted sensitivity spe
i�
ation) of the form:kFu(P (s);�(s))kH1 = sup! �� (Fu(P (j!);�(j!))) < 1 (7.42)Then the perturbed 
losed loop system Fu(P (s);�(s)) and the performan
e spe
i�
ationkFu(P (s);�(s))kH1 < 1, 8�(s) 2 B� if and only if:

� ~�(P (s))

1 � 1 (7.43)where the perturbation stru
ture has been augmented by a full 
omplex performan
e blo
k:~� = ndiag (�;�p) ���� 2�;�p 2 Ck�ko (7.44)Theorem 7.3 is one of the reasons why the H1 norm is popular as a measure of performan
e.Indeed, if the un
ertainty is bounded by the largest singular value, it is possible via � to 
he
kfor robust stability and robust performan
e in a non-
onservative way. If the un
ertainty ismodeled in a pre
ise way, i.e. if all systems G�(s) 2 G 
ould appear in pra
ti
e, then the� 
ondition for robust performan
e is both ne
essary and su�
ient. Thus, the � theoremsRobust Control



Page 85 of 92provide less 
onservative 
onditions for robust performan
e 
ompared to the 
orrespondingH1 
onditions. Stability and performan
e 
an be separated, far more detailed un
ertaintydes
riptions 
an be formulated due to the blo
k diagonal stru
ture of�, and non-
onservative
onditions for robust performan
e are obtained, even for ill-
onditioned systems (�(G(j!)) �1).(7.43) on the page before provides a simple test for robust performan
e. If � ~�(P (j!)) isplotted against frequen
y, it is easy to 
he
k whether the 
ondition (7.43) in Theorem 7.3 onthe pre
eding page is satis�ed.Sin
e �1 = diagf�; 0g and �2 = diagf0;�pg are spe
ial 
ases of the general stru
ture � 2 ~�it is obvious that:� ~�(P (j!)) � maxf��(P11(j!)); ��p(P22(j!)) = ��(P22(j!))g (7.45)whi
h means that a ne
essary 
ondition for robust performan
e is that the 
losed loop systemmust be robustly stable, and that the nominal system satis�es the performan
e spe
i�
ations.7.1.3 Computing �As illustrated above, � is a very useful tool for determining robust stability and robust per-forman
e in the fa
e of stru
tured as well as unstru
ted un
ertainties. Unfortunately, the
omputation of � itself is a 
ompli
ated problem, whi
h does not allow a general mathemati
alsolution. The trouble is, that (7.36) on page 82 
an not be used dire
tly for 
omputing � sin
ethe optimization problem involved in general will have several lo
al optima [DP87, FTD91℄.Upper and lower bounds for �, however, 
an be 
omputed both for purely 
omplex pertur-bation sets (mr = 0 in (7.2) on page 77) and for mixed real and 
omplex perturbation sets.Algorithms for 
omputing these bounds were the subje
t of intense resear
h a
tivities in thebeginning of the 1990's, see e.g. [DP87, YND91℄. In the sequel some of the bounds will bepresented. To avoid making the notation any more 
ompli
ated than required, it will beassumed that the generalized system P (s) is square, P (s) 2 Cn�n.7.1.3.1 � for 
omplex perturbationsFirst, the 
omputation of � will be 
onsidered in the 
ase, where the perturbation stru
ture
onsists entirely of 
omplex blo
ks, i.e. when mr = 0 in (7.2) on page 77. It is not di�
ultto show that ��(P ) 
an be 
omputed by standard fun
tions, when � is one of the followingtwo sets, see e.g. [ZDG96℄:� If � = fÆ
In jÆ
 2 Cg (mr = 0, m
 = 1, mC = 0 in (7.2)), then ��(P ) = �(P ),the spe
tral radius of P (the largest absolute value of any eigenvalue of P , �(P ) =maxi j�i(P )j).� If � = f� j� 2 Cn�ng (mr = 0, m
 = 0, mC = 1 in (7.2)), then ��(P ) = ��(P ), thelargest singular value of P .For a general 
omplex perturbation � the following holds:fÆ
In jÆ
 2 Cg �� � �� ��� 2 Cn�n	 (7.46)Robust Control



Page 86 of 92Therefore: �(P ) � ��(P ) � ��(P ) (7.47)These bounds, however, are yet not satisfa
tory, as the dis
repan
y between �(P ) and ��(P )
an be arbitrarily large. Thus, the bounds of (7.47) have to be re�ned. This 
an be donethrough 
ertain transformations of P whi
h do not a�e
t ��(P ) but, nevertheless, modi�es�(P ) and ��(P ). To that end, de�ne the following subsets of Cn�n:Q = nQ 2� ���mr = 0; Æ
�i Æ
i = 1;��i�i = Irm
+io (7.48)D = ndiag�D1; � � � ;Dm
 ; d1Irm
+1 ; � � � ; dmC Irm
+mC���Di 2 Cri�ri ;D�i = Di > 0; di 2 R; di > 0	 (7.49)It 
an now be shown (see e.g. the original paper on � by Doyle [Doy82℄) that for any � 2�(for whi
h mr = 0), Q 2 Q and D 2 D the following holds:Q� 2 Q; Q� 2�; �Q 2�; ��(Q�) = ��(�Q) = ��(�); (7.50)D� = �D (7.51)From (7.50) and (7.51), the following theorem 
an be derived.Theorem 7.4 (Upper and lower bounds for �) For any Q 2 Q and D 2 D the follow-ing holds: ��(PQ) = ��(QP ) = ��(P ) = ��(DPD�1) (7.52)Thus, the bounds in (7.47) 
an be re�ned as:maxQ2Q �(QP ) � ��(P ) � infD2D ��(DPD�1) (7.53)The lower bound maxQ2Q �(QP ) is in fa
t an identity (maxQ2Q �(QP ) = ��(P )), but unfor-tunately, the fun
tion �(QP ) is not 
onvex, and in general it will have several lo
al maxima.Hen
e, a numeri
al sear
h algorithm is not guaranteed to �nd � but rather just a lowerbound. On the other hand, the upper bound is a 
onvex problem, and thus, the global min-imum infD2D ��(DPD�1) 
an in prin
iple always be determined. Unfortunately, the upperbound is sometimes stri
t, i.e. the global in�mum might not be equal to �. It 
an be shown,that for espe
ially simple perturbation stru
ture, i.e. for mr = 0 and 2m
 + mC � 3, theupper bound always equals �.However, for struktures with 2m
 + mC > 3, and for most matri
es P , � will be stri
tlyless than infD2D ��(DPD�1). On the other hand, numeri
al experien
e indi
ate that even for2m
 +mC > 3 the upper bound is usually not highly 
onservative.With the MatlabTM � Analysis and Synthesis Toolbox [BDG+93℄, 
ommer
ial software isnow available for 
omputing the bounds of Theorem 7.4. For pra
ti
al 
ompensator design(at least for purely 
omplex perturbations), the mathemati
al problems involved in the 
om-putation of � seems to be of less signi�
an
e.Robust Control



Page 87 of 927.1.3.2 � with mixed perturbationsThe solution to the mixed1 � problem has also been the subje
t of an intense resear
h e�ortduring the past ten years, see e.g. [FTD91, YND91, YND92, You93℄. In these le
ture notes,the 
omputation of the bounds for the mixed � 
ase will not be presented in full details (onereferen
e is [You93℄), just a few of the more important results will be stated. To that end,de�ne the following sets:Q = nQ 2� ���Æri 2 [�1; 1℄; Æ
�i Æ
i = 1;��i�i = Irmr+m
+io (7.54)D = �diag �D1; � � � ;Dmr+m
 ; d1Irmr+m
+1 ; � � � ; dmC Irm���Di 2 Cri�ri ;D�i = Di > 0; di 2 R; di > 0	 (7.55)G = �diag �G1; � � � ; Gmr ; Ormr+1 ; � � � ; Orm� ��Gi 2 Cri�ri ; Gi = G�i 	 (7.56)D̂ = �diag �D1; � � � ;Dmr+m
 ; d1Irmr+m
+1 ; � � � ; dmC Irm���Di 2 Cri�ri ;det(Di) 6= 0; di 2 C; di 6= 0	 (7.57)Ĝ = fdiag (g1; � � � ; gnr ; On
) jgi 2 Rg (7.58)where rm = rmr+m
+mC , nr = Pmri=1 ri and n
 = n�nr. Note, that for 
onsisten
y with P (s),Pmi=1 ri = n is required.Then, the following upper and lower bounds for mixed � apply:Theorem 7.5 (Upper and lower bounds for mixed � [FTD91℄) Let ��R be the largestreal eigenvalue of P and let �R(P ) denote the spe
tral radius of P :�R(P ) 4= max fj�R(P )j : �R(P ) is a real eigenvalue of Pg (7.59)If P does not have any real eigenvalues, then �R(P ) = 0. Assume further that �� is the resultof the following minimization problem:�� = infD2D;G2Gmin�2R �� ����R (P �DP + j (GP � P �G)� �D) � 0	 (7.60)Then: �R(P ) � ��(P ) �pmax(0; ��) (7.61)Note, that the 
omputation of the upper bound (7.60) involves a Linear Matrix Inequality(LMI). A number of numeri
al methods exists to ta
kle su
h minimizations. These require,however, even for relatively modest problems (n � 100), an optimization over s
alings andG(s), whi
h 
an 
ontain several thousands of parameters. Hen
e, dealing with su
h problemswithin reasonable 
omputational times, require that the stru
ture of the mixed � problemis exploited to a wider extent, see e.g. [YND92℄. Various reformulations of the upper boundproblem are given in Theorem 7.6 on the next page.1The � synthesis problem in the presen
e of perturbations with both real and 
omplex blo
ks, is oftenrefered to simply as the mixed � problem. Robust Control



Page 88 of 92Theorem 7.6 (Reformulating the mixed � upper bound) Assume that a matrix P 2Cn�n and a real positive s
alar � > 0 are given. Further for any D 2 Cn�n, let PD = DPD�1.Then the following statements are equivalent:1. There exist matri
es D1 2 D and G1 2 G su
h that:��R �P �D1P + j(G1P � P �G1)� �2D1� � 0 (7.62)2. There exist matri
es D2 2 D and G2 2 G (or D2 2 D̂ and G2 2 Ĝ) su
h that:��R �P �D2PD2 + j(G2PD2 � P �D2G2)� � �2 (7.63)3. There exist matri
es D3 2 D and G3 2 G (or D3 2 D̂ and G3 2 Ĝ) su
h that:�� ��PD3� � jG3��I +G23�� 12� � 1 (7.64)4. There exist matri
es D4 2 D and G4 2 G (or D4 2 D̂ and G4 2 Ĝ) su
h that:�� ��I +G24�� 14 �PD4� � jG4��I +G24�� 14 � � 1 (7.65)A proof for Theorem 7.6 
an be found in [You93℄. Using Theorem 7.6, alternative formulations
an easily be found for the mixed � upper bound. For example, the upper bound, whi
h isimplemented in the MatlabTM � toolbox is derived from (7.65). De�ne �� as:�� = inf�2R+;G2Ĝ;D2D̂ f� j�� (PDG) � 1g (7.66)where PDG is given as:PDG = �I +G2�� 14 �DPD�1� � jG��I +G2�� 14 (7.67)Then: maxQ2Q �(QP ) � ��(P ) � �� (7.68)7.2 � synthesisFor 
ompensator synthesis, it is 
onvenient to partition the transfer matrix Fl(N;K) from[w; d0℄T to [z; e0℄T as:� z(s)e0(s) � = Fl(N(s);K(s)) � w(s)d0(s) � =hN11(s) +N12(s)K(s) (I �N22(s)K(s))�1N21(s)i � w(s)d0(s) � (7.69)
Robust Control



Page 89 of 92Note, that Fl(N(s);K(s)) = P (s). Applying Theorem 7.3 on page 84, it is seen that a nomi-nally stabilizing 
ompensator K(s) a
hieves robust performan
e, if and only if the stru
turedsingular value � for every frequen
y ! 2 [0;1℄ satis�es:� ~� (Fl(N(j!);K(j!))) < 1 (7.70)Thus, the optimal robust performan
e problem 
an be formulated as:K(s) = arg minK(s)2KS 

� ~� (Fl(N(s);K(s)))

1 (7.71)where KS is the set of all nominally stabilizing 
ompensators.7.2.1 Complex � Synthesis � D-K iterationUnfortunately, the optimization (7.71) 
an not be dire
tly evaluated for the simple reason,that � 
an not be 
omputed exa
tly. Instead, an upper bound problem 
an be formulated as:K(s) = arg minK(j!)2KS sup! infD(!)2D ��� �D(!)Fl (N(j!);K(j!))D�1(!)�	 (7.72)Unfortunately, no solution has yet been found to the minimization problem (7.72). A pra
ti
alapproa
h to is the following iterative pro
edure. To determineD(!) at a number of frequen
iesfor a given 
ompensator K(s) is equivalent to solving the 
omplex � upper bound problem,whi
h has a known solution. When these s
alings have been found, a stable transfer matrixD(s) 
an be �tted, su
h that D(j!) is an approximation of D(!) for all frequen
ies !. It 
aneven be assured that D(s) is minimum phase, su
h that D�1 is also stable, as the phase ofD(s) is absorbed into the 
omplex perturbations. In other words: it is only ne
essary to �tthe amplitude of D(j!).For given matrix s
alings D(s), the problem is to �nd a 
ompensator K(s), whi
h minimizesthe norm kFl(D(s)N(s)D�1(s);K(s))kH1 whi
h is a standard H1 problem, for whi
h thesolution has been given in Theorem 6.1 on page 67.For this 
ompensator, new D s
alings 
an be found, and the pro
edure starts all over again.If this iteration (known as the D-K iteration) 
onverges to a spe
i�
 
ompensator, this 
om-pensator is a good 
andidate for a near optimal � 
ompensator. Even though both the
omputation of D s
ales and of the optimal H1 
ompensator are 
onvex optimization prob-lems, D-K iteration is not a jointly 
onvex optimization in D(s) and K(s). Thus, 
onvergen
e
an not be guaranteed. However, numeri
al experien
e shows that D-K iteration works wellin pra
ti
e. The D-K pro
edure 
an be formulated as follows:Pro
edure 7.1 (D-K iteration)1. Given an augmented system N(s), let i = 1 and D?i (!) = I;8!.2. Fit a stable minimum phase transfer matrix Di(s) to the pointwise s
alings D?i (!).Augment Di(s) with a identity matrix, su
h that Di(s) be
omes 
ompatible with N(s).Constru
t the system NDi(s) = Di(s)N(s)D�1i (s).3. Find the H1 optimal 
ompensator Ki(s):Ki(s) = arg minK(s)2KS kFl(NDi(s);K(s))kH1 (7.73)Robust Control



Page 90 of 924. Find the new s
alings D?i+1(!) as a solution to the 
omplex � upper bound problem:D?i+1(!) = arg minD(!)2D ��� �D(!)Fl(N(j!);Ki(j!))D�1(!)�	 (7.74)for every frequen
y !.5. Compare D?i+1(!) and D?i (!). Stop, if they are '
lose' (in magnitude). Otherwise, leti = i+ 1 and repeat the iteration from Step 2.Note, that the H1 solution is used to �nd the 
ompensator in Step 3. The K step in the D-Kiteration 
an be illustrated as shown in Figure 7.5.
--D�1i (s)Inu -- N(s) --Di(s) Iny

~�(s)�
Ki(s)�

NDi(s)

Figure 7.5: K step in D�K iteration. nu and ny are, respe
tively, the number of 
ontrollableinputs and the number of regulated outputs (error signals).With the MatlabTM �-Analysis and Synthesis Toolbox 
ommer
ially available software nowexists whi
h supports � synthesis by D-K iteration. In early versions, only full 
omplexblo
ks were supported. Note, that for repeated s
alar blo
ks, the D s
aling is a full matrix,and hen
e, the number of SISO transfer fun
tions to be �tted grows rapidly.Mixed � synthesis is far more involved than the purely 
omplex problem, and the presentversion of the � toolbox does not support it fully. Re
ently, a 
ouple of design methods formixed � synthesis has been proposed, see e.g. [You93, TC96℄.
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